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Abstract. We define here the category of partial differential equations. Special 
cases of morphisms from an object (equation) are symmetries of the equation and 
reductions of the equation by a symmetry groups, but there are many other mor¬ 
phisms. We are mostly interested in a subcategory that arises from second order 
parabolic equations on arbitrary manifolds. We introduce a certain structure in this 
category enabling us to find the simplest representative of every quotient object of 
the given object, and develop a special-purpose language for description and study 
of structures of this kind. An example that deals with nonlinear reaction-diffusion 
equation is discussed in more detail. 
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We define here the category WS of partial differential equa¬ 
tions, develop a special-purpose language for description and 
study of its internal structure, and investigate in detail its full 
subcategory that arises from second order parabolic equations on 
arbitrary manifolds. 

Let tt: A —M be a smooth fiber bundle, A be a subset of 
fc-jet bundle J^(7r). E could be considered as fc-th order partial 
differential equation for a sections of tt, that is s G Ftt is the 
solution of E iff its k-th prolongation j^{s) E L (J^(vr) —> M) is 
contained in E. Here Ftt is the space of smooth sections of vr. 

Suppose TT: A —»• M, tt' : A' —> M' are smooth fiber bundles, 

A: TT —> tt' is a bundle morphism which is diffeomorphism on the 
fibers (see Fig. [T]). 

A induces the map A*: Ftt' — >■ Ftt; denote by Fj^vr its image. 

We say that a section of tt is A-projected if it is contained in 
F pTT. If A is surjective then A* is injective, so we have the map 
Fjt’Tt — Ftt'. If A is surjective submersion then we have the map 
A^: Jpii^) ^^(tt'), where Jpin) = E*j’^{n') is the bundle of 
/c-jets of A-projected sections of tt (see Fig. ED- 

Let us define now the category VVSq. Its objects are pairs (tt: A — > M,E C J^(7r)), 
k E N, and morphisms from the object (tt: A M, E C to the object 

(ttL A' —>■ M', E' C are smooth bundle morphisms E: n —>■ n' satisfying the fol¬ 

lowing conditions: 

1. A define surjective submersion M —> M', 
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2. the diagram Fig. [T] is the pullback square in the category of smooth manifolds, that 

is for any x ^ M the map tt'~^{Fx) is diffeomorphism, 

3. En 4(7r) = {E'). 

If F \ (tt, E) —>■ (tt', E') is morphism in WSq then F* dehne the bijection between the set 
of all solutions of E' and the set of all F-projected solutions of E. 

In Section [3] we dehne extended category VT>£, whose objects are pairs {N,E) where 

is a smooth manifold and F is a subset of the bundle J^{N) of Fjets of m-dimensional 
submanifolds of iV, and whose morphisms from [N, E) to (iV', E') are maps N ^ N' satis¬ 
fying some analogue of conditions (1-3) above. By dehnition, the solutions of the equation 
F are smooth m-dimensional non-vertical integral manifolds of the Cartan distribution 
on J^{N) contained in F. Particularly, the set of solutions includes all m-dimensional 
submanifolds L (Z N such that k-th prolongation j^{L) C J^{N) is contained in E. 
Any morphism F: {N,E) —>■ {N',E') of VDE dehne the bijection between the set of all 
solutions of E' and the set of all F-proiected solutions of F in the same manner as for 
VVSq. 

The category WS generalize the notion of a symmetry group in two directions: 

1. Automorphisms group of the object {N,E) in WS is the symmetry group of the 
equation F. 

2. For a symmetry group G of E the natural projection N N/G dehne the morphism 

{N,E) —>■ {N/G,E/G) in WS where E/G is the equation describing G-invariant 
solutions of F. 

Note that the morphisms of WS go beyond the morphisms of this kind. 

Further we want to introduce a certain structure in WS formed by a lattice of sub¬ 
categories. We receive these subcategories restricting to the equations of specihc kind 
(for example, elliptic, parabolic, hyperbolic, linear, quasilinear equations etc.) or to the 
morphisms of specihc kind (for example, morphisms respecting the projection of N on 
the base manifold M as in WSo) or both. 

When we interested in the solutions of some equation it is useful to look for its quotient 
objects because every quotient object give us the class of solutions of the original equation. 
It may happen that the position of an object in the lattice gives information on the 
morphisms from the object and/or on the kind of the simplest representatives of quotient 
objects. In Section [5] we develop a special-purpose language for description and study of 
such situations. We introduce a number of partial orders on the class of all subcategories 
of hxed category and depict these orders by various arrows (see Table 1 and Fig. 3). For 

instance, we say that a subcategory C\ is closed in a category C and depict C*- ^Ci if 

every morphism in C with source from Ci is a morphism in Ci; we say that Ci is plentiful 
in C and depict C — ^ Ci if for every A G Obci and for every quotient object of A in C 
there exist a representative of this quotient object in Ci; and so on. 

We use this language for the detail study of the full subcategory V£ of VV£ that 
arises from second order parabolic equations posed on arbitrary manifolds, but we hope 
that our approach based on category theory may be useful for other types of PDF as well. 
Objects of V£ are equations having the form ut = j x, u)uij + ^- j c®-^ (f, x, u)uiUj + 
u)ui+q{t^ X, u) in a local coordinates (F) on A, X is arbitrary smooth manifold. 
We prove that every morphism in V£ is of the form (f, x, u) h-^ {t'{t),x' {t, x ), u'{t, x,u)). 
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Particularly, V£ appear to be the subcategory of WSq. In Section [7] we investigate the 
structure of VS] the part of obtained results is shown on Fig. El where arrows designate 
specihc partial orders on subcategories as was described above. On every of three diagrams 
on Fig. [6] down movement mean the restriction of class of permitted equations and right 
movement mean the restriction of class of permitted morphisms. 

Using of the developed structure is illustrated in Section [HI on the example of reaction- 
diffusion equation Ut = a{u) (An -|- r]S/u) -|- q{x, u), x E X, posed on a Riemann manifold 
X equipped with vector held rj; let A be the corresponding object of V£. If function 
a{u) is nonlinear enough then we receive the following results as immediate corollary of 
developed investigation of V£ structure: 

• For every morphism F : A — > A' in VS there exist bijective change of variables in 
the quotient equation A' transforming F to the morphism of the form {t, x, u) 
{t,x'{x),u) and transforming A' to the equation of the form u[ = a{u'){Xu' -|- 
rj'Vu') -|- q'{x',u'), x' G A', posed on the Riemann manifold X' equipped with 
vector held rj', with the same function a. 

• If a morphism F: A —^ A' of the category VS has the form {t,x,u) !—>■ 
(t,x'{t,x),u'(t,x,u)) and A' is of the form u[ = a{u'){Au' + rj'Vu') + q'{x',u'), 
then F is of the form (t,x,u) —> (t,x'{x),u). 

In Sections [3] and [9] we discuss the relations between our approach to the factorization 
of PDF and the other approaches. 

Section uni contains proofs of the theorems. 


2 The category WSq of partial differential equations 

Let M, K be smooth manifolds. A system E of fc-th order partial diherential equations 
for a function u: M ^ K is given as a system of equations u, = 0 involving 
X, u and the derivatives of u with respect to x up to order k, where x = ..., x'^) are 

local coordinates on M and u = ..., u^) are local coordinates on K. Further we will 

use a words “partial diherential equation”, “PDF” or “equation” instead of “a partial 
diherential equation or a system of partial diherential equations” for short. 

Remember some things about jets and related notions, fc-jet of a smooth function 
n: M —> A at the point x E M is the equivalence class of smooth functions M ^ K 
whose value and partial derivatives up to fc-th order at x coincide with the ones of u. 
All fc-jets of all smooth functions M ^ K form the smooth manifold J^{M,K), and 
the natural projection vr^: J^{M,K) —>■ J^{M,K) = M x K dehnes the smooth vector 
bundle over M x K, which is called fc-jet bundle. For every function u: M —> A its fc-th 
prolongation M —> J’^{M,K) is naturally dehned. k-th order PDF for functions 

M —>■ K can be considered as subset E of J’^{M,K)] solutions of E are such functions 
u: M K that the image of j^{u) contained in E. 

In more general situation we have a smooth hber bundle it: N ^ M instead of a 
projection M x K ^ M, and sections s: M —>■ N instead of functions u\ M ^ K. By Fvr 
denote the space of smooth sections of tt; remember that a section of tt is a map s: M ^ N 
such that TT o s is the identity. Dehnitions of Ajet bundle tt^: </^(vr) —J°(vr) = N and 
of the k-i\\ prolongation Ftt —F (tt o tt^ : J^(7r) —M) are the same as ones for the 
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functions. Let E he & subset of it could be considered as fc-th order partial 

differential equation for a sections of vr, that is s G Ltt is the solution of E if the image of 
j^{s) is contained in E. 

Suppose TT: iV —> M, n': N' ^ M' are smooth hber bundles, F: vr —>■ tt' is a bun¬ 
dle morphism which is diffeomorphism on the hbers (see Fig. [1]). E induces the map 
E* ■. Ftt' —> Ftt; denote by FirTr its image. We say that a section of vr is F-projected 
if it is contained in F pir. If F is surjective then E* is injective, so we have the map 
F^: Fp’Vr —> Ftt'. If F is surjective submersion then we have the map F^: J|'(vr) —> 
where Jpij) = E*J^{n') is the bundle of Fjets of F-projected sections of vr (see Fig. [2]). 
Recall that a map F is called a submersion if dF: T^N —> Tp^N' is surjective at each 
point X G N. 

Definition 1. Let n: N ^ M, vr': iV' — M' he a smooth fiber bundles, E be a subset of 
J^(7r), E: 71 ^ n' be a smooth bundle morphism. We say that E is admitted by E if 
the following conditions are satisfied: 

1. E is a surjective submersion, 

2. the diagram Fig. [I] is the pullback sguare in the category of smooth manifolds, that 
is for any x ^ M the map 7r“^(x) —>■ 7r'“^(Fx) is diffeomorphism, 

3. E n Jp{77) = (F^) ^ (F') fore some subset E' of J^{7i'). 

We say that E' is E -projection of E. 

It turns out that the language of category theory is very convenient for our study 
of PDF. Recall that a category C consists of a collection of objects Obc, a collection of 
morphisms (or arrows) Home and four operations. The hrst two operations associate 
with each morphism F of C its source and its target, both of which are objects of C. The 
remaining two operations are an operation that associates with each object C of C an 
identity morphism idc G Home and an operation of composition that associates to any 
pair (F, G) of morphisms of C such that the source of F is coincide with the target of G 
another morphism E o G, their composite. These operations have to satisfy some natural 
axioms [Mac Lane, 1998 . 

Definition 2. VVSq is the category whose objects are pairs (vr: iV —>• M, F C ^^(vr)), vr is 
a smooth viber bundle, A; G N, and morphisms from the object (vr: iV —>■ M, F C to 

the object (ttL N' —> M', E' C are smooth bundle morphisms E: ti —>■ 7i' admitted 

by E such that E' is E-projection of E. 

If F: (tt, F) —> (vr', E') is morphism in VDEq then F* dehne the bijection between the 
set of all solutions of E' and the set of all F-projected solutions of E. 


3 The category VT>S of partial differential equations 

Now we want to dehne extended category WS, whose objects are pairs {N, E) where N 
is a smooth manifold and F is a subset of the bundle of fc-jets of m-dimensional 

submanifolds of N. 
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Let be a C"'-smooth manifold, 0 < m < dimiV. The jet bundle vr^: J^{N) —>• is 
the hber bundle with the hber over the point x ^ N, where is the set 

of equivalence classes of smooth m-dimensional submanifolds L of A^ passing through x 
under the equivalence relation of fc-th order contact in x. 

/c-jet of fc-smooth m-dimensional submanifold L over the point x G L is the equivalence 
class from determined by L. Thus we have the prolongation map j^'. L —>■ 

Jm{N) taking each point x G L to the fc-jet of L over x (so it is the section of the hber 
bundle J^{N) restricted to L C N). For every k > I > 0 there exist natural projection 
TT^’h J^{N) — J!^{N) mapping fc-jet of L to /-jet of L over x for every m-dimensional 
submanifold L of A^ and every x G T. 

For a submanifold L of N the differential of the prolongation map j^\ L ^ J^[N) 
takes the tangent bundle TL to the tangent bundle TJ^{N). The closure of the union of 
the images of TL in TJ^{N) when L runs over all m-dimensional submanifolds of N is 
the vector subbundle of TJ^{N); it is called Cartan distribution on J^{N). 

Let T be a submanifold of 7i: N ^ M, m = dimA^. The graph of a section 

is m-dimensional submanifold of N so J^(vr) is open subspace of J^{N) and E could 
be considered as the submanifold of J^{N). The extended version of E is dehned as 
the closure of E in J^{N) [Olver, 1993| . Because we don’t plan to consider inhnitesimal 
properties of E unlike the Lie group analysis of PDF, we could consider any subsets E of 
J^{N) as a partial differential equations. By dehnition, solutions of such an equation 
are smooth m-dimensional non-vertical integral manifolds of the Cartan distribution on 
J^{N) contained in E. Note that for any m-dimensional submanifold L of N its prolon¬ 
gation j^{L) is non-vertical integral manifold of the Cartan distribution on J^{N). So 
if E C J^{N) is obtained from the traditional PDF as it was described above, and L 
is the graph of a section u of tt, then L is the solution of E in the above sense if and 
only if u is the solution of corresponding traditional PDF in the traditional sense. In 
addition there is allowed the possibility of both multiply-valued solutions and solutions 
with inhnite derivatives (see [Olver, 1993| for the details). Wherever we write concrete 
equations in the traditional form below we mean the extended versions of these equations 
that is closure of the corresponding set in J^{N). 

Now let us introduce some auxiliary notations. 

Let E : N ^ N' he a. map. We will say that L C A^ is T-projected if L = E~^{E{L)). 
Note that if T is a surjective submersion and L is T-projected submanifold of N then 
L' = T(L) is the submanifold of Nk 

Let N, N' be C^-smooth manifolds, 0 < m < dimA^. Let E: N ^ N' he a surjective 
submersion of smoothness class , k < s < r. 

Definition 3. E -projected jet bundle J^p{N) is the submanifold of that con¬ 

sists of k-jets of all m-dimensional E-projected submanifolds of N. 

We will write Jp{N) instead of J^p {N) if the value of m is clear from the context. 

There is natural isomorphism between the bundles E*J^,{N') over N, 

where E*J^,{N') = Xj^i N is the pullback of by T, dimA^ — m = 

dim N' — m'. Therefore we can lift the map T to the map T^: Jf^ p (N) J^, {N') by 

the following natural way. Suppose d E J^p (N). 

1. Take an arbitrary T-projected submanifold L of N such that the ^-prolongation of 
L pass through d (that is fc-jet of L over the point p^{d) is d). 
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2. Assign to '(9 the point d' G J^, {N'), where i}' is fc-jet of the snbmanifold L' = F{L) 
of N' over the point F o-k^ ( 79 ). 

Definition 4. Let E C J^{N). Let F: N ^ N' be a smooth surjective submersion. We 
say that F is admitted by E if the intersection E fl is F^-projected subset of 

Fig.\E(a)). Equivalently, i?n is the pre-image (F^) ^ (F') of some 

E' C we say that E' is F -projection of E. 


^E^JlAN) 


■E' 


N-- 


■■N- 


■N' 


E- 


=F n A-^F' 
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N'- 
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Figure 3: Morphisms of WS (a) and morphisms of WSext (b) 


Definition 5. A category of partial differential equations WS is defined as fol¬ 
lows: 


• objects of WS are pairs {N,E), where N is a smooth manifold, E is a subset of 

Jm some integer k,m > 1; 

• morphisms ofWS with source A = {N,E) are all surjective submersions F: N ^ 
N' admitted by E; target of this morphism is {N',E') where E' is F-projection of 

E; 

• the identity morphism from A is the identity mapping of N, composition of mor¬ 
phisms is composition of appropriate maps. 


If F: (A, E) —>• (A', E') is morphism in WS then F* dehne the bijection between the 
set of all solutions of F' and the set of all F^-projected solutions of E. 

In IProkhorova, 1998 we dehned the following notion of a map admitted by a pair 
of equations: a map F: A —> A' is admitted by an ordered pair of equations (A, A'), 
A = (A, F), A' = (A', E') if for any L' C N' the following two conditions are equivalent: 


• L' is the graph of a solution of E', 

• F~^{L') is the graph of a solution of E. 


However, we are not happy with this dehnition; in particular, because it deals only with 
global solutions of E. Therefore we now formulate the notion of a map admitted by a 
equation in terms of (locally dehned) jet bundles. 
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Remark 1. Let A = {N,E) be an object ofVT>£. Then its automorphism group Aut(A) 
is the symmetry group for the eguation E. 

Remark 2. Suppose G is a subgroup of the symmetry group of E such that N/G is a 
smooth manifold. Then the natural projection N —>■ N/G define the morphism {N,E) —> 
{N/G,E/G) in VV£ where E/G is the eguation describing G-invariant solutions of E. 

Therefore, reduction of E by subgroups of Aut(A) defines the part of nontrivial mor- 
phisms from A. But the class of all morphisms from A is signihcantly richer then the 
class of morphisms arising from reduction by subgroups of Ant (A). Let Sol(A) be 
the set of all solutions of A, that is of all smooth m-dimensional non-vertical integral 
manifolds of the Cartan distribution on J^{N) contained in E. In general, the subset 
F*(Sol(A')) = {E~^{E): V G Sol(A')} C Sol(A) of solutions of A arising from a mor¬ 
phism E: A ^ A' can not be represented as a set of solutions that are invariant under 
some subgroup of Ant (A). In particular, F*(Sol(A')) can be the set of G-invariant solu¬ 
tions, where G is a transformation group that is not necessarily a symmetry group of E. 
Moreover, for a morphism F: A —> A' it may occur that for every nontrivial diffeomor- 
phism g of N there exist an element in F*(Sol(A')) that is not gf-invariant. More detailed 
discussion is given in Section [9l see also |Prokhorova, 200^ , [Prokhorova, 200T . 

Our approach is conceptually close to the approach developed in [Elkin, 1999| that deals 
with control systems. If we set aside the control part and look at this approach relative to 
ordinary differential equations, then we get the category of ordinary differential equations, 
whose objects are ODE systems of the form x = x & X, where X is a manifold equipped 
with a vector field and morphism from a system A to a system A' is a smooth map 
E from the phase space X of A to the phase space X' of A' that projected f to In 
other words, F is a morphism if it transforms solutions (phase trajectories) of A to the 
solutions of A': F*(Sol(A)) = Sol(A'). 

By contrast, we deal with pullbacks of the solutions of the quotient equation A' to the 
solutions of the original equation A. In our approach the number of dependent variables 
in the reduced PDE remains the same, while the number of independentO variables is not 
increased. Thus in the approach proposed the quotient object notion is an analogue of 
the sub-object notion (in terminology of [Elkin, 1999[ ) with respect to the information 
about the solutions of the given equation; however, it is similar to the quotient object 
notion with respect to interrelations between the given and reduced equations. 

Note also that described above category of ODE from [Elkin, 1999[ is isomorphic to 
certain subcategory of VV£. Namely, let us consider the following subcategory VV£i of 
VV£-. 


• objects of W£i are pairs (X, F), where X = X x M, F is a first order linear PDE 
of the form L^u = 1 for unknown function m:X—>M, ^gTX; 

• morphisms of VT>£i are morphisms of W£ of the form {x,u) h-^ {x'{x),u). 

One can easy see that the category of ODE from [Elkin, 1999[ is isomorphic to V'D£i\ 
the object L^u = 1 corresponds to the object x = f, and the morphism {x, u) ^ {x'{x),u) 
corresponds to the morphism x i—^ x'{x). 

The category of differential equations was also defined in Krasil’shchik, 19^ in a 
different way: objects are inhnite-dimensional manifolds endowed with integrable finite¬ 
dimensional distribution (particularly, inhnite prolongations of differential equations), and 
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morphisms are smooth maps such that image of the distribution is contained in the dis¬ 
tribution on the image, similarly to morphisms in Elkin, 1999 . Thus, the category of 


differential equations dehned in [Krasil’shchik, 1999| is quite different from the category 
VDE dehned here; one should keep it in mind in order to avoid confusion. The factoriza¬ 
tion of PDE A by a symmetry group described in Krasil’shchik, 1999 is PDE A' on the 
quotient space that described images of all solutions of A at the projection to the quotient 
space: F*(Sol(A)) = Sol(A'). In that approach every factorization of A provides a part of 
the information about all the solutions of A. In our approach factorization of A is such an 
equation A' that the pullbacks of its solutions are solutions of A; F*(Sol(A')) C Sol(A); 
so that from every factorization we obtain the full information about a certain set of the 
solutions of the given equation. 


Lemma 1. All morphisms in WS are epimorphisms. 

Lemma 2. Suppose {N,E), (N',E'), {N'',E") are objects of WE, E: N ^ N' is a 
morphism from {N,E) to {N',E') in WE, G: N' ^ N" is surjective submersion. Then 
the following two conditions are equivalent (see Fig. 

• G is a morphism from {N',E') to {N",E"), 

• GE is a morphism from {N,E) to {N",E"). 



N - - --A'-^--A" 

Figure 4: Diagram for Lemma [5] 


4 The extended category of partial differential 

equations 

Note that the Cartan distribution C'*’(A) on (A) restricted to J^p (A) coincides with 
the lifting [E^)* G^, (A') of the Cartan distribution on (A'), m' = m—dim A -|-dim A'. 

















Taking this into account and using the analogy with higher symmetry group, we replace 
to arbitrary submanifold A of J^{N). Thus we obtain the category VVSe^t 
with the same objects as WS and extended set of morphisms involving transformations 
of jets. (This category will not be used in the rest of the paper.) 

Definition 6. An extended category of partial differential equations WSext is 
defined as follows: 

• objects ofV'DSex.t o,re pairs {N,E), where N is a smooth manifold, E is a subset of 
Jjfi (iV) for some integer k,m > 1; 

• morphisms ofVVSext from A = {N,E C Jf^{N)) to A' = {N',E' C JmfiN')) are 

all pairs such that A is a smooth submanifold ofJ^{N), F\ A ^ is 

a surjective submersion, the Cartan distribution on (N) restricted to A coincide 
with the lifting F*C^, {N') of the Cartan distribution on J^, {N'), and E D A = 
F-\E') (see Fig.\E(b)) 

• the identity morphism from A is {^A = F = , composition of 

(ac J‘(JV),F: J‘',(]V')) and (l\' c J'X(N'),F'■. N ^ J^„{N")) is 

a F\. 

For each integral manifold of the Cartan distribution on E' its preimage is an integral 
manifold of the Cartan distribution on E, so for each solution of E' its pullback is some 
solution of E. 

VT>S embeds to WSext by the following natural way: to the morphisms F: N ^ N' 
of VT>S from the equation of fc-th order we assign the morphisms ^A, of VDSext such 
that A = Ji^piN), F = FC 

5 Usage of subcategories 

We start with review of some basic dehnitions of category theory |Mac Lane, 1998| . Given 
a category C and an object A of C, one may construct the category (A J, C) of objects under 
A (this is the particular case of the comma category): objects of (A | C) are morphisms 
of C with source A, and morphisms of (A | C) from one such object F: A ^ B to another 
F': A —B' are morphisms G : B ^ B' of C such that F' = G o F. 

Suppose C is a subcategory of VT>£, A is an object of C. Then the category (A j, C) of 
objects under A describes collection of quotient equations for A and their interconnection 
in the framework of C. 

To each morphism F: A —B with source A (that is to each object of the comma 
category (A | C)) assign the set F*(Sol(B)) C Sol(A) of such solutions of A that “pro¬ 
jected” onto underying space of B (space of dependent and independent variables). We 
can identify such morphisms that generated the same sets of solutions of A, that is identify 
isomorphic objects of the comma category (A | C). 

Describe the situation more explicitly. An equivalence class of epimorphisms with 
source A is called a quotient object of A, where two epimorphisms F: A ^ B 
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and F': A —> B' are equivalent if F' = I o F for some isomorphism /: B B' 
Mac Lane, 1998| . If F; A —B and F': A B' are equivalent, then they lead to 
the same subsets of the solutions of A; F*(Sol(B)) = F'*(Sol(B')). So if we interested 
only in the sets of the solutions of A, then all representatives of the same quotient object 
have the same rights. 

Therefore, the following problems naturally arise: 


to study all morphisms with given source. 


• to choose a ’’simplest” representative from every equivalence class, or to choose 
representative with the simplest target (that is the simplest quotient equation). 

In order to deal with these problems, we develop a special-purpose language. 

Let us introduce a number of partial orders on the class of all categories to describe 
arising situations. First of all, we dehne a few types of subcategories. 

Definition 7. Suppose C is a category, C\ is a subcategory of C. 

• Cl is called a wide subcategory of C if all objects of C are objects of C\. 

• Cl is called a full subcategory of C if every morphism in C with source and target 
from Cl is a morphism in Ci. 

• We say that Ci is full under isomorphisms in C if every isomorphism in C with 
source and target from Ci is an isomorphism in Ci. 

• We say that Ci is closed in C if every morphism in C with source from Ci is a 
morphism in Ci. (Note that every subcategory that is closed in C is full in C.) 

• We say that Ci is closed under isomorphisms in C if every isomorphism in C 
with source from Ci is an isomorphism in Ci. 

• We say that Ci is dense in C if every object of C is isomorphic in C to an object 
ofCi. 

• We say that Ci is plentiful in C if for every morphism F: A —> B m C, A G Obc^, 
there exist an isomorphism J: B —> C m C such that JoF G Homc^ (in other words, 
for every guotient object of A inC there exist a representative of this guotient object 
in Cl). Such morphism I o F we call Ci-canonical for F. 

• We say that Ci is fully dense (fully plentiful) in C if Ci is a full subcategory of 
C and Cl is dense (plentiful) in C. 

The hrst two parts of the Dehnition are standard notions of category theory, but the 
notions of the other parts are introduced here for the sake of description of the VT>S 
structure. 


Remark 3. Using the notion of “the category of objects under A”, we can define the 
notions of closed subcategory and plentiful subcategory by the following way: 

• Cl is closed in C if for each A G Obc^ the category (A | Ci) is wide in (A | C). 

• Cl is plentiful in C if for each A G Obci the category (A | Ci) is dense in (A | C). 
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Remark 4. Ci is fully dense in C if and only if the embedding functor Ci ^ C defines an 
equivalence of these categories. 

Choose some category U, which is big enough to contain all needful for us categories 
as it’s subcategories. For our purposes U = VV£ will be sufficient. 

Dehne the category U> whose objects are subcategories C of W, and a collection 
HoniiY> (Ci,C 2 ) of morphisms from C\ to C 2 is a one-element set if C 2 is subcategory of C\ 
and empty otherwise, so an arrow from C\ to C 2 in U> means that C 2 is the subcategory 
of C\. Let IA= be the discrete wide subcategory of that is objects of IA= are all sub¬ 
categories C of lA^ and the only morphisms are identities, so Ci and C 2 are connected by 
arrow in U= only if Ci = € 2 - 

Definition 8. Suppose C\, C 2 are subcategories oflA. A subcategory oflA, whose objects 
are objects of Ci and C 2 simultaneously, and whose morphisms are morphisms of Ci and 
C 2 simultaneously, is called an intersection of Ci and C 2 and is denoted by Ci fl C 2 . 

In other words, Ci fl C 2 is the hbered sum of Ci and C 2 in IA>. 

Lemma 3. Suppose C\ is closed in C, and C 2 is (full/closed/dense/plentiful) subcategory 
ofC; then C\ fl C 2 is closed in C 2 and is (full/closed/dense/plentiful) subcategory ofCi. 

Now we introduce some graphic designa¬ 
tions for various types of subcategories of 
IA> (see Table H]). These designations will 
be used, particularly, for the representation 
of the structure of the category of parabolic 
equations described below. 

We shall use the term “meta-category” 
both for the category U> and for its sub¬ 
categories dehned below to avoid confusion 
between IA> and “ordinary” categories which 
are objects of W>; and we shall use Gothic 
script for meta-categories except U>. One 
may view these meta-categories as a partial 
orders on the class of all subcategories of 
U] we prefer category terminology here since Table 1: Basic meta-categories (arrows) 
this allow us to use category constructions for the interrelations between various partial 
orders. 

Dehne 21J, (L, Ci, 2), and that are wide subcategories of meta-category Ug. 

Objects of them are categories, but arrows from Ci to C 2 have a different meaning: 

• in the meta-category 21J it mean that C 2 is wide subcategory of Ci, 

• in the meta-category ^ it means that C 2 is full subcategory of Ci, 

• in the meta-category it means that C 2 is full under isomorphisms in Ci, 

• in the meta-category <L it means that C 2 is closed subcategory of Ci, 

• in the meta-category (2i it means that C 2 is closed under isomorphisms in Ci, 



2H 

Wide 

•.► 


Full 

0 .► 


Full under isomorphisms 

•-► 


Close 

0 -► 

Ci 

Close under isomorphisms 

=====► 

2) 

Dense 

- -► 


Plentiful 
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• in the meta-category D it means that C 2 is dense subcategory of Ci, 

• in the meta-category ip it means that C 2 is plentiful subcategory of Ci, 

We shall denote the intersections of these meta-categories by the concatenations of ap¬ 
propriate letters, for example: 5^2) = fl D. 

Lemma 4. 

• £1 n ip = c, 

• ;^n<pn2) = 3^nD. 

Interrelations between “basic” meta-categories 211, ^i, C, Ci, 2), ip and their intersec¬ 

tions (“composed” meta-categories) are represented on Fig. |5](a). Here an arrow means 
the predicate “to be subcategory of”; we shall call it “the meta-arrow”. For example, 
meta-arrow from 2) to 211 means that 211 is subcategory of 2). In the language of “ordi¬ 
nary” categories this meta-arrow means that the statement “C 2 is wide in Ci” implies that 
C 2 is dense in Ci. Everywhere on Fig. [5](a) a pair of meta-arrows with the same target 
means that this meta-category (target of these meta-arrows) is the intersection of two 
“top” meta-categories (sources of these meta-arrows). For example, = (5^ip fl ^2). 

On Fig. E](b) the same scheme is represented as on Fig. E](a), but letter names are 
replaced by the arrows of various types. 



11 = 11 = 


a 


b 


Figure 5: Interrelations between basic meta-categories (arrows) and their intersections 


Instead of the investigation of all or the simplest morphisms with the given source, 
we want to introduce a certain structure in WS, so that the position of an object in 
it gives information on the morphisms from the object and on the kind of the simplest 
representatives of equivalence classes of the morphisms. We construct this structure by 
means of choosing some subcategories in WS and connecting them by the arrows from 
Fig. E](b). The part of obtained structure of the category of parabolic equations is shown 
on Fig.O We use this structure also in SectionOto investigate nonlinear reaction-diffusion 
equation. 
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6 The category of parabolic equations 

Let us consider the class P {X, T, f2) of differential operators on a connected smooth 
manifold X, dependent on the time t as on parameter, that are of the form 

Lu = X, u)uij + x, u)uiUj + P{t, X, u)ui + g(t, x, u), 

i,j i,j i 

xeX,teT, ueQ 

in some neighborhood of each point, in some (and then arbitrary) local coordinates (a:*) on 
X. Here subscript i denotes partial derivative with respect to x^, quadratic form = 6-^® 
is positive dehnite, Both T and may be bounded, semibounded or unbounded 

open intervals of M. 

Definition 9. The category of parabolic equations of the second order V8 is 

a subcategory ofVVS, whose objects are pairs A = {N,E), N = T x X x fl, where 
X is a connected smooth manifold, T and fl are open intervals, E is an equation of the 
form Ut = Lu, L G P {X,T,Q) (more exactly, E is the extended version of an equation 
Ut = Lu, that is closed submanifold of x X x fl), n = dimX ). 

Example 1. Let ^k{x), x G —{0} be a spherical harmonic of the k-th order. Then the 
map (t, X, u) H->• (f, |a;| , u /^k{x )) defined the morphism in the category V£ from the object 
A corresponding to equation ut = An and A = — {0}, T = fl = M., to the object A' 

corresponding to equation u( = — k{k + 1) x'~'^u' and X' = M+, T' = fl' = M. One 

may assign to the set Sol(A') of all solutions of the quotient equation the set E*{So\{A')) of 
such solutions of the original equation that may be written in the form u = ^k(,x)u' {t, |a;|). 

Example 2. The following example shows that not every endomorphism in V£ is an 
automorphism. Consider object A, for which X = = M. mod 1, T = fl = M., E: Ut = 

Uxx- Then morphism from A to A defined by the map {t, x, u) h-> (4f, 2x, u) has no inverse. 

Theorem 1. Every morphism in V£ is of the form 

{t, X, u) H-S' {t'{t),x' {t, x ), u{t, X, u )), (1) 

with submersive t'{t), x'{t,x), u' {t,x,u). Isomorphisms in the category V£ are exactly 
diffeomorphisms of the form (HD- 

7 Certain subcategories of V6: classification of the 
parabolic equations 

Certain parts of the V£ structure described below are depicted schematically on Fig. El 
The full structure is not depicted here in view of its awkwardness. 

Let us consider hve full subcategories V£k of the category V£, 1 < k < b, whose 
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Figure 6: The part of the structure of the category of parabolic equations 


14 









objects are equations that can be written locally in the following form: 

Ut = E x, u) {uij + A(t, x, u)uiUj) + b\t, X, u)ui + g(f, x, u) 

id i 

Ut = a(f, x, m) x)uij + x, u)uiUj + b\t, x, u)ui + g(f, x, n) {VS^) 

id id i 

Ut = a(f, x, m) b’^^it, x) {uij + A(f, x, u)uiUj) + b^t, x, u)ui + g(f, x, n) i'P^s) 
id i 

Ut = x)uij + x, u)uiUj + b^(t, X, u)ui + g(f, x, n) 

id id i 

Ut = E b^^(t, x) {uij + A(f, x, u)uiUj) + 6*(t, x, u)ui + g(t, x, n) ("^^s) 

*,i * 

Remark 5. Everywhere in the paper we use notation of a eategory equipped with a sub- 
seript and/or primes for its full subcategory. For example, defined below QVSk, QV£' 
and QVE't, are full subeategories of QVS. 

Remark 6. Note that in equations of the categories V £2 and V£z a function a is de¬ 
termined up to multiplication by arbitrary function from T x X to M’*'; moreover, it is 
determined only locally. Nevertheless we can lead these equations to the equations of the 
same form but with globally defined function a: T x X x Q ^ M+. For example, we 
can require that conditions a(t,x,Uo) = 1 take place, where Uq is arbitrary point of fl. 
Everywhere below we shall assume that function a is globally determined onT x X x fl. 

Theorem 2. 


1. V£i and V £2 are closed in V£. 

2. V£i, = V£i n V £2 is closed in V£i, in V£ 2 , and in V£. 

3. V£i is closed in V £2 and in V£. 


4 . V £5 = V£^ n V£i is closed in V£ 3 , in V£i, and in V£. 

Definition 10. Consider wide subcategories TV£, QV£, SQV£, AQV£, and £V£ of 
V£, whose morphisms are of the following form: 


{t,x,u) 


{t,y{t,x),v{t,x,u)) 
{t,y{t,x),(p{t,x)u + ij{t,x)) 
< {t,y{x),(p{t,x)u + /{t,x)) 
{t,y{x),(p{x)u + ij{x)) 
/t,y{x),u) 


for TV£ 

forW^ 
for SQV£ 
for AQV£ 
for£V£ 


Denote TV£k = TV£ fl V£k- 


Theorem 3. 


1. TV£ is wide and plentiful in V£. 

2. TV£k is closed in TV£; it is wide and plentiful in V£k, k = 1..5. 
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Definition 11. Define the category of quasilinear parabolic equations QVS. QVS 

is the following full subcategory of QVS: objects of QVS are eguations of the form 


ut = E b ^ (ty X, u^Uij ^ ^ b (t, X, U{ q(t, X, ufi ( QVS ) 

id i 

(in a local coordinates); morphisms of QVS are maps of the form 

(t, X, u) (t, y{t, x), iff, x)u + fjit, x)). 

Denote by Anc{M,Sl) the set of continuous positive functions a: M x D —>■ R that 
satisfies the condition 


\/m E M 3 ui,U2 a (m, Ml) 7 ^ a (m, M 2 ). 


i^Anc) 


Define full subcategories of QVS, whose objects are equations of the following form: 

{QVS' 




Ut = ^ x)uij + ^ bfit, X, u)ui + q{t, X, u) 
id 

Ut = a{t, X, u) 


Ut = a{t, X, u) b'‘^{t, x)uij + 6*(t, x, u)ui + q{t, x, m) 

id i 

Ut = a{t,x,u) '^b''^{t,x)uij + ^ h\t,x,u)ui + q{t,x,u), a E Anc {T x X) {QVS'fij 

{QVS',) 

'Y^b'^{t,x)uij+ 'Y^V{t,x)uij +'Y^C{tA)ui + q{t,x,u) {QVS") 

ij i / i 

Ut = a{t, X, m) IE {t,x)uij+ ''^V{t,x)u^ +g(f, x,m) {QVS'() 

^f(f,x)Mi + g(f,x,M) {QVS'({a)) 

{QVS'f) 

{QPS'[^) 




Ut = a{u) j b'^f, x)uij + V{t, x)ui 

\ i,j i 

Ut = E h ^ (t^ ~h ^ ^ b (t^ X^Hi “1“ ; 

hj i 

Ut = '^U^{t,x)uij + '^V{t,x)ui + gi(f,x)M + qo{t,x), 




where a > 0. The family of categories QVS'({a) is parameterized by functions a (•), that 
is one assigns the category QVS'({a) to each continuous positive function a: D —>• R. 

Furthermore, consider the full subcategory QVSc of QVS, whose objects are equations 
from QVS posed on a compact manifolds X. 

Let us introduce the following notation for the intersections of enumerated “basic” 
subcategories: for a string a we set QVS^ = H {QVSa '■ o. E a}, QVS^ = QVS^ fl QVS^. 
Particularly, QVS'(^ denotes the intersection QVS'^ fl QVS'fi 

In the same way as in Remark [6], if we impose the condition a{uo) = 1, then we obtain 
the global function a{u) for any equation from QVS'({a)-, such function a{u) does not 
depend on the choice of neighborhood in T x X x D and on local coordinates. 


Theorem 4. 
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1. QVS is closed in QVS and is fully dense in TVSi. 

2. QVSc is closed in QVS. 

3. QVS' = QVS n VS 2 = QVS fl VS 3 is fully dense in TVS 3 and is closed in QVS. 

4 . QVS'i = QVS n VS^ = QVS' n VS^ is fully dense in TVS^ and is closed in QVS'. 

5. QVS" is closed in QVS'. 

6 . QVS'l = QVS" n VS 5 = QVS" n QVS'^ = QVS'i (1) ts closed in QVS'^, in QVS", 
and in QVS'q. 

7. QVS'[q is closed in QVS'l. 

8 . QVS'^ is closed in QVS'. 

9. QVS'l,^ is fully plentiful in QVS'f. 

10. QVS'q^ is fully dense in QVS"^. 

Let .Aexp be the set of functions of the form a{u) = e^'^H{u)] let ^deg be the set of 
functions of the form a{u) = {u — uq)^ H (In [u — uq)), where A, mq are arbitrary constants 
and H (■) is arbitrary nonconstant periodic function. 

Theorem 5. 

1. If a ^ vAexp U ^deg; then QVS"{a) is fully plentiful in QVS". 

2. QVS'q^Io) is fully plentiful in QVS'l{a); if a ^ Aexp U ^deg, then QVS'^^la) is fully 
plentiful in QVS'q. 

3. QVS'Q^g.{a) is fully dense in QVS'l^{a). 

4 . Suppose A is an object of QVS'l{a), F: A ^ B is a morphism in VS such that 
there is no object of QVS'l{a) isomorphic to B in VS (that is a(-) G Aexp U Adegy^- 
Then there exist an object of QVS" isomorphic to B such that the composition of 
F: A —> B with this isomorphism is of the form 

j{t,y{t,x),u + ip{t,x)), a e Aexp 

[{t,y{t,x),Vo + {u-Uo)exp{ip{t,x))), a G Adeg 

In addition, for each t G T,xi,X 2 G X with y(t,Xi) = y{t,X 2 ) the difference 
ip(t,X 2 ) —ip(t,xi) is an integral multiple of H, where H is the period of function H. 
The same assertion holds if we replace QVS'({a) by QVS'(^{a) and replace QVS" 
by QVS'f 

Example 3. Consider the equation 

E\ ut = {2 + sin u) Uxx 

of the category QVS'(^{f), where X = T = Si = 'R, f{u) = 2 + sinM, / G Aexp- It 
admits both maps (t, x, u) 1 —> {t, x mod 27r, u) and (t, x, u) h-> (f, x mod 27r, u + x). In both 
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cases Y = . In the first case the quotient equation is of the form Vt = {2 + sin v) Vyy 

and is an object of In the second case the quotient equation is of the form 

Vt = {2 + sin(w + y)) Vyy; it is the object of QVSq, but is not isomorphic to any object of 

Qvslif). 

Definition 12. The category of semi-autonomous quasilinear parabolic equa¬ 
tions SQVS is the intersection SQVS fl QVS". In other words, SQVS is the full 
subcategory of SQVS and the wide subcategory of QVS”, whose objects are equations of 
the form 

Ut = a{t, X, u) E U^{t,x)uij+ ''^U{t,x)ui \ + ^'^f\t,x)ui + q{t,x,u), {SQVS) 

\ ij i / i 

and morphisms are maps of the form {t, x, u) i—> {t, y{x), (p{t, x)u + x)). 

Define the following full subcategories of SQVS: SQVSa = SQVS fl QVS'f; SQVSb 
is the category, whose objects are equations of the form 


Ut = a{t, X, u) 



'^bfit,x)ui + C{i, x)ui + q{t, X, u). 


{SQVSb) 


Theorem 6. 

1. SQVS is closed in SQVS. 

2 . SQVSq = SQVS n QVSq, SQVSn = SQVS fi QVS'f, and SQVSb are closed in 
SQVS. 

3. SQVS On coincides with QVS'q.^; it is closed in SQVSq and in SQVSn- 
4- SQVSi = SQVS n QVS” = SQVSa ( 1 ) is closed in SQVSq. 

5. If a ^ .Aexp U .Adeg, then SQVSa{a) is fully plentiful in SQVS. 

Definition 13. The category of autonomous quasilinear parabolic equations 

AQVS is the full subcategory of AQVS, each object of AQVS is an equation of the form 

Ut = a{x, u) (Am + yVu) + fVu + q{x, u) {AQVS) 

posed on a Riemann manifold X equipped with vector fields f, rj. 

Define the following full subcategories of AQVS: AQVSa = AQVS fl QVS'f is the cate¬ 
gory, whose objects are equations of the form 

Ut = a{x,u) {Xu + yVu) + fVu + q{x,u), a e AnfiX), {AQVSn) 

Ut = a{x, u){Xu + yXu) + q{x, u), {AQVSq) 

Ut = a{u){Au + r]Xu) + fXu + q{x, u), {AQVSa{a)) 

Ut = Xu-I fXu-I q{x,u). {AQVSi) 

Theorem 7. 

1. AQVS is closed in AQVS. 
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2. AQVSn is closed in AQVS and full in SQVSbn- 

3. AQVSq and AQVSi are closed in AQVS. 

4- If a (■) ^ ^exp U ^deg? then AQVSa{a) is fully plentiful in AQVS. 

5. AQVSna{.o) is closed in SQVSna{(^)- 

Definition 14. Define the following full subcategories of the category SVS (its morphisms 
are a maps of the form {t, x, u) i—*• (t, y{x),u)): 

SVS = SVS n AQVS, 

SVS, = SVS n AQVS,, 

SVSa{a) = SVS n AQVSaia). 

Theorem 8. 

1. SVS is closed in SVS and wide in AQVS. 

2. SVSn, SVSo, SVSi, and SVSa{a) are closed in SVS. 

S. then SVSa{a) coincides with AQVSa{a). 

Here is the set of functions a{u) of the form a{u) = e^'^Hiu), is the set of 
functions of the form a{u) = {u — uq)^ H (In [u — uq)), X, uq are arbitrary constants, H(-) 
is arbitrary periodic function (that is Aexp C A|xp, Adeg C A^eP- 


I’T. E 




QffE 


QjP'E 




5QEE 


Onb 






'TEE, 


SQ^T, 


Onba 


QEE QEE„ ^Q,2’Eon 

Figure 7: The sequence of arrows from VS to SVSonai. 0 . 


EEE 


Ona 


Let us consider the sequence depicted on Fig. [71 Selecting the “weakest” arrow in this 
sequence, we obtain the following result. 

Corollary 1. 

1. If a ^ Aexp U Adeg; a 7^ const, then AQVSoa{o.) is fully plentiful in TVS and 
plentiful in VS. 

2. If a ^ -Alxp U Ajgg, a ^ const, then SVS^aisS) is fully plentiful in TVS and plentiful 
in VS. 
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8 Factorization of the reaction-diffusion equation 

Let us consider a nonlinear reaction-diffusion equation 


Ut = a{u) (Am -|- rjVu) + q{x, u), 

a 7 ^ const, posed on a Riemann manifold X equipped with a vector field This equation 
dehnes the object A of the category £V£ona{o). Using Corollary [H we get the following 
result: 


Corollary 2. 


1. If a ^ Aexp U Adeg, then for every morphism F: A ^ B of the category V£ there 
exist isomorphism /: B —B' o/ the form ^ (in other words, bijective change of 
variables in the quotient equation), transforming F to the canonical morphism of 
the form 


{t,x,u) 


{t,y{x),ip{x)u + tlj{x)) 
{t,y{x),u) 


at a ^ Aexp C Adeg; 


( 2 ) 


The corresponding canonical quotient equation B' posed on the Riemann manifold 
Y is of the form 


vt = a{v) (An -h HVn) + Q {y,v), y eY, He TY 


(3) 


with the same function a. 

2. If a morphism F: A —> B o/ the category F V£ transforms A to an equation of the 
form ([3]), then F is of the form (l2l). 


9 Comparison with the reduction by a symmetry 
group 

As Remark [2] shows, our dehnition of morphism in VT>£ is a generalization of the reduction 
by a symmetry group. So we could obtain the sets of solutions being more common than 
the sets of group-invariant solutions of group analysis of PDE (though our approach is 
more laborious owing to the non-linearity of the system of PDE describing a morphisms). 
In what follows we show this on the example of a primitive morphism. 

Definition 15. A morphism F: A ^ B o/ a category C is called a reducible in C if in 
C there are exists non-invertible morphisms G: A ^ C, H: C—i>B such that F = HoG. 
Otherwise, a morphism is called primitive in C. 

Note that the reduction of PDE by a symmetry group dehnes a primitive morphism if 
and only if the group has no proper subgroups, i.e. the group is a discrete cyclic group of 
prime order. The reduction by any symmetry group that is not a discrete cyclic group of 
prime order may be always represented as a superposition of two nontrivial reductions, 
so the corresponding morphism is a superposition of two non-invertible morphisms and 
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therefore is reducible. In particular, this situation takes place for any nontrivial connected 
Lie group. 

However, the situation for morphisms is completely different. Even a morphism that 
decreases the number of independent variables by 2 or more may be primitive; below we 
present an example of such a morphism. However, in the Lie group analysis we always 
have one-parameter subgroups of a symmetry group, so the morphism, corresponding to 
a symmetry group, is always reducible. 

Example 4. Consider the following morphism F: A —> B m V£: 

• A is heat equation Ut = a{u)Au posed on X = {{x,y, z,w) : z < tc} C equipped 
with the metric 

/I 0 0 0\ 

_ 0 'j a P 

0 a 1 0 ’ 

\0 p 0 ij 

where a = xe'“, P = xe^, '') = 1 + + P"^, a ^ Aexp U Adeg- In the coordinate form 

A looks as 

a Uxx “b nyy ‘leyUyz ^Puyix -I- rr ^ nzz~k 

-\-‘2(y,PUzW “b “b /3 ^ “b is^p')yj F {Ol P') ^ Uyj. 

• B is heat equation a ^{u)ut = Uxx + Uyy posed onY = {(x, ?/)} = equipped with 

Euclidean metric. 


• The morphism F is defined by the map {t, {x,y, z,w),u) h-^ {t, {x,y),u). 


This morphism decreases the number of independent variables by 2 and nevertheless is 
primitive in VS. 


Additional examples of morphisms that are not dehned by any symmetry group of the 
given PDE, and also a detailed investigation of the case dimH = dimX —1, may be found 


m 


Prokhorova, 2000 , Prokhorova, 2001 


10 Proofs 


Proof of Theorem [T] 


Passing from the equation Ut = Lu to the equation in the extended jet bundle for unknown 
submanifold L G X x T x Q locally dehned by the formula / {t, x, u) = 0, and expressing 
the derivatives of u by the corresponding derivatives of /, we obtain the following extended 
version of the equation E\ 

ftfi = Y, (hfi - (/‘“A+ Gh) /. + fifuG - Y + Y - ifi (4) 

i,j i,j i 

Suppose F: A ^ A' is a morphism in VS, N' = X' x T' x kl', E' is dehned by the 
equation 


u = 


jt', x', u') u'jiji + ^ it',x',u')u'iiu'{T, x',u') u'ii+Q {t', x',u') 




r ,3 
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Consider the extended analog of the last eqnation: 


/V/'t = E B’’’’ {f'r'i'fl - /V + /t- 

i',j' 

- Y, + Y - Qf’l; ( 8 ) 


where the eqnation /' (t',x',u') = 0 locally dehnes a snbmanifold L' of N'. 

Recall that F: {t, x, u) i—> {t\ x', u') is morphism in V£ if and only if for each point 
d & N and for each snbmanifold L' of N', F{d) G L', the following two conditions are 
eqnivalent: 


• the 2-jet of L' at the point F('d) satishes ([3]) 

• the 2-jet of F~^ (F) at the point "d satisfies (01). 

In other words, conditions “/' is solntion of dS])” and “/ is solntion of (jl])” mnst be 
eqnivalent when 

/ (C X, u) = f {£ (t, X, u) , x' (f, X, u ), u' it, X, u)). 

To hnd all snch maps we nse the following procednre: 


1. Express derivatives of / in (0]) throngh derivatives of /': 

^ 

dt dt' dt dx”'' dt du' dt 

and so on. 


2. In the obtained identity snbstitnte the combinations of the derivatives of f' for 

df'/dt' by formnla ([5]). Then repeat this step for in order to eliminate 

all derivatives with respect to t'. After redncing to common denominator, obtained 
identity will be of the form = 0, where is rational fnnction of partial derivatives 
of /' with respect to x' and u'. The coefficients 0i,..., 0^ of are fnnctions of 4-jet 
of the map F. 

3. Solve the system of PDEs = 0,..., 0* = 0 for the map F. 

Let ns realize this procednre. Note that we shall not write ont fnnction <h completely, 
bnt consider only some of its coefficients. We shall nse the obtained information abont F 
in order to simplify $ step by step in the following manner. 

First note that derivatives of the forth order arise only in the term when we 

fnlhll step 2 of the above procednre. Write this term before the hnal realization of step 2 
for the sake of simplicity: 

f = E + t’lfifi) ^ + ■ ■ ■ = 

= ~ + • • • 
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The coefficient at d‘^f'/dt'‘^ must be zero, and the quadratic form is positive defined. 
We get t'ifu = t'ufi, so 


t'i + fx'X'u + = t'u Wt'i'i + fx'X'i + fu'U'i) 


(here and below we use notations 


£l £l / \ ' £l /j' 


dx'i! 


and so on). Hence we obtain the following system of equations: 


t i ^ ut i 

^ I t 


One of the following three conditions holds: 


( 6 ) 


1. t'u = 0, f'a; = 0; 

2 . t'u = 0 , t'^ ^ 0 ; 

3. t'u ^ 0 . 


In the second case u'u = x'u = 0. Taking into account equality t'u = 0, we obtain a 
desired contradiction to the assumption that F is a submersion. 

In the third case we get from ([ 6 ]) t'^ = oot'u, u'x = oju'u^ x'\ = oox'^u, where uj = t'x/t'u G 
T {n*T*X), 7 t: N = TxXxf2—>Xis the natural projection, ti*T*X is the vector bundle 
over N induced by tt from the cotangent bundle T*X over X, ix = a;j(t, x, wjdF in 
local coordinates. This implies that fx = ojfu- Substituting last formula to (jl]), we get 


ft = fu 


J 2 b'’ 


L 


dui diXi \ j - 




Denote by C (f, x, u) the expression in square brackets. Then ft = (fu- Expressing deriva¬ 
tives of / in terms of derivatives of /', we get t't = (t'u, x't = Cx'u, u't = (u'u- Consider 
the field of hyperplanes that kill the 1 -form dt' in the tangent bundle TM (recall that 
t'u 7 ^ 0, so dt' is nondegenerated). The differential of the map F vanishes on these hyper¬ 
planes, because du' A dt' = dx" A dt' = 0. Therefore rang(dF) < 1 and F could not be 
submersive, because dimiV' > 3. 

Finally, only the first case is possible. Hence t' is a function of t, and f't^ could appear 
only in the representation of ft- Let us look at the terms of $, containing {f'u')~‘^'- 


$ = t'tx'WiB'^ ‘ f',f',,f\,f',fuf^ ifu^r + 

i' ,j' ,k' 


Substitution of any covector uj 


uji'dx'' G T {T*X') to the expression 



j./ /*' 13' 

t tX uX u ^ UJi'UJjiUJtz/UJl' 






B uik'UJi' 


should give zero. The form B'^ ^ is positively defined so u ^ ^k'^v > 0 when a; 7 ^ 0. 

Taking into account that F is submersive, we obtain t't 7 ^ 0, so x'^Uii = 0 for any a;, 
that is x'u = 0. Hence x' = x' {t, x), t' = t' (t). □ 
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Proof of Theorem [2] 

The map (t, x, u) h->• {T(t),y (t, x ), v{t, x, u)) is a morphism in V£ if and only if 

= (In 

ij 

i,j i,j id i 

nQ = u;^ 1 d^UiUj + ^ b% + q{t, X, U)-Utj 
, \ ij id i / 

where function u = U (t,x,v) is the inverse of the v{t,x,u). The quotient equation is 
written as Vr = i B^^Vki + i C^^VkVi + J2k B^Vk + Q- Here and below indexes z, j 
relate to x, indexes fc, I relate to y. 

By definition, all V£k are full subcategories of V£. 


1. Let us prove that V£i is closed in V£. Suppose A G Oh'psii F- A —B is a morphism 
in V£. Then = X(t,x,u)d£ From the second equation of system ([7]) we get 

(b y, v) = B^^ (r, y, v) [t£^ (In + A {t, x, u) Uy] . 

The quadratic form is nondegenerated at any point {T,y,v), so expression in square 
brackets is function of (r, ?/, v): (In Uy)^ + A(t, x, u)Uy = A (r, y, v), and (r, y, v) = 

K{T,y,v) B^\T,y,v). Thus B G Obpf,. 

Let us show that V £2 is closed in V£. Suppose A G Oh'ps^, F: A —> B is a morphism 
in V£. Then = a{t, x, u)F^{t, x). Using the first equation of the system ([7]), we receive 


TtB^^ = a{t,x,u) ( 




(t,x) 


Taking into account that the quadratic form B^^ is nondegenerated, we obtain that B^^ ^ 
0 everywhere. From the equality 

jkl 


(U 2/, V) = ^ ^ (t, X) 






we receive that this fraction is function of (f,z/). Thus 

B^\t, y, v) = A{t, y, v)B^^ (r, y) 

for A (r, y, v) = B^^ (r, y, v) and some functions B^\t, y). Therefore, B G Ob-pgj. □ 


2 . PTa = V£i n V £2 is closed in V£^ in V£i^ and in PT 2 , because V£i and V £2 are 
closed in V£. □ 


3. Suppose A G Obp £4 and F; A ^ B is a morphism of V£. From the first equation of 

([7]) we obtain that B^^ {T,y,v) is independent of v. Hence B^^ = B^^ (u I/); V£i^ is closed 
in V£, so it is closed in V £2 too. □ 

4. Since V£z and V£a are closed in "PT, we obtain that V£^ = PT 3 fl V£i is closed in 

V£, V£-i and V£i. □ 
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Proof of Theorem [3] 

1. By definition, TVS is wide in V£. 

Suppose F\ A —> B is a morphism in VS. By Theorem [H the function r(t) is nondegener¬ 
ated, so we could consider the inverse function t (r). The map (r, y, v) —> {t (r), y, v) is an 
isomorphism in VS. Note that superposition of F with this isomorphism is a morphism 
in TVS. Therefore TVS is plentiful in V£. □ 

2. TV£k is closed in V£, and TV£ is wide and plentiful in V£. Thus TV£k = V£k^TV£ 

is closed in TV£ and also it is wide and plentiful in V£k- □ 


Proof of Theorem [4] 

Using the system ([7|), we obtain that the map (t, x, u) —*• (t, y, ipu -f '0) is a morphism in 
QV£ if and only if 

' 

_ = E *‘"4 + 2 E (In V>), Vi + E '^‘Vi “ V> 

ij ij i ’ 

+ X] - ^t\v+ I ^ ^ Fijji - I +q{t, X, (pn 

< \ ij i / \ i / 

( 8 ) 

where V' = so f/ = -1- '0. By dehnition, all subcategories of QV£ 

considered in the Theorem are full subcategories of QV£. 

la. If = 0 and v is linear in u, then = 0. By the second equation of the system 
(C]), it follows that QV£ is closed in QV£. 

lb. Let F: A ^ B, (t, x, u) h-> (t, y (t, x ), v{t, x, m)) be a morphism in TV£i, and A, B G 

Obg-pg. Using the second equation of the system ([7]), we get = 0. It 

follows that U is linear in v, v is linear in m, F is a morphism in QV£, and QV£ is full 
in TV£. 


Ic. Suppose A G Ohrvei- ^i^ ^ and consider the map F: (t,x,u) \—>- 

{t,x,v{t,x,u)), 


v{t,x,u) = / exp I / \{t,x,£) dq d^. 


UQ 


F define the isomorphism in TV£i from A to B with 

= v-^ (A - (InnJJ = 0. 

Therefore every object of TV£i is isomorphic in TV£i to some object of QV£, and QV£ 
is full in TV£i. □ 

2. The image of a compact under a continuous map is compact. The surjectivity of the 
map completes the proof. □ 


25 







3. TV8^ is closed in VSi^ QV8 is fully dense in VSi. 


□ 


4. TVS^ is closed in TVS^, and QVS' is fully dense in TVS^. Equality QVS[ = 
TV8^ n QV8' concludes the proof. 

5. Let A G Oh OPS", and F: A —B be a morphism in QV8'. From the hrst equation of 
the system ((HD we obtain 

a(f, x, u) = A(f, y, v)a{t, x), (9) 

where a{t, x) = {t, y {t, x)) j x)yly^{t, x)^ . 

From the second equation of ([HD we obtain 

y, v) = A{t, y, {t, x) + x), (10) 

where 

u,% 2^) = s(E*"'4+2E •fihv" +E*‘».‘) • ^) = E -V‘- 

\ hj hj i / i 

Further we need the following statement. 

Lemma 5 (about the extension of a function). Suppose M, N are O'"-manifolds, 1 <r < 
oo, F: M ^ N is a surjective -submersion, p,: M ^ M. is a -function, 0 < s < r (if 
s = 0 then p is continuous). Take 

Ao=|neA: = const| , 

Mo = F-i {No) = {m e M: Vm' e M [F (m') = F (m)] ^ [p {m') = p (m)]} , 

Fq = F\j^^, po = p\mqj define the function uq: Nq ^ M. by the formula z/qFq = po 
(see Fig. \3(o>))- Then vq can he extended from No to the entire manifold N so that the 
extended function z/: A —>■ M will have class of smoothness (see Fig.\3(h); both diagrams 
Fig.\E(ci, b) are commutative). 



a b 

Figure 8: The extension of a function 
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Proof of Lemma [5] 

Take an open covering {Vi \ i & 1} oi N snch that for every Vt there exist a C^-smooth 
section pi\ Vi ^ M over Vi, Fopi = id|y., (snch a covering exists, becanse F is snbmersive 
and snrjective). There exist a C^-partition of nnity {Aj} that is snbordinated to {V} 
Hirsch, 1976| . Dehne the fnnctions 

„ _ / Ai (n)/i(pi(n )), neVi 

0 , n^Vi ■ 

Then u [n) ='^i'i (n) is the desired fnnction. □ 

i€l 


Proof of Theorem [4] (continuation) 

Fix k. In the notations and assnmption of Lemma El let ns replace the map F by 
{t, x) H-^ (f, y{t, x)) and the continnons fnnction p by x). We obtain that there exists 
a continnons fnnction {t,y) snch that for each (fcZ/o) if is constant on the 

pre-image of (to, 2/o) with respect to the map (t, x) h-^ (t, y{t, x j) then {to, yo) coincides 
with this constant. Denote 

y, v) = {B^{t, y, v) - v^{t, y)) /A{t, y, v). (11) 

Let ns consider the following two cases for every point {to,yo)- 

Case 1 : A{to,yo,v) is independent of v. Using (fTUj) . we obtain that {to,yo,v) is inde¬ 
pendent of n; and nsing flTTl) that B^ is independent of v. 


Case 2 : For given {to,yo) the set {A{to,yo,v) : n G D} contains more then one element. 
Using m, we obtain that the restriction of {to, x) to the pre-image of the point 
{to,yo) is constant. Then p^{to,x) = n^(to,2/o) on this pre-image, and B^ = uj^{t,x) is 
independent of v in this case too. 

Therefore, B^{t,y,v) = A{t,y,v)B^{t,y) + i/^{t,y). So, the eqnation B is of the form 


Vt = A{t,y,v) 




k,l 


+ Y y)'>^k + Q{t, y, v), 

k 


and B is the object of QV£". 

For F to be a morphism in QVS", it is necessary and snfficient to have 
' a{t, X, u) = A{t, y, v)a{t, x) 

B^Xii) = aY,b‘’yiv‘p,x) 




yf + 


5] esf = a((, I,«) x; *”4- + 2 E + E kyi 

i V hj hj i 

[Y + Y \ VF 

\ ij i / 

{aV + ir) iJi - iJt] +q {t, X, pv + V’) 





( 12 ) 
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6. QV£'{ is closed in QV£" and in QVS[, because QVS" and QVS'i are closed in QVS'. 
QV£'[ is closed in QV£q, because QV£q is the subcategory of QV£". □ 


7. Suppose A G OhQ-pg'^^, F: A B is a morphism in QV£'[. From the third equation 
of dH]) we get 

Qit^y^v) = 

= I ^ ^ Uipi + gi(t, x)-(pt] ip~^v + I + ^o(^, x)-'i/jtj (p~'^ 

\ i,j i / \ i,j i / 

= Qi{t,x)v + Qo(^,a:), 

so Qi, Qo are functions of (f,?/), and B G Obg-pg^^^. Thus QV£iq is closed in QV£i. □ 

8. Suppose A G ObQpg^, F\ A — B is a morphism in QV£'. For given (fo,2/o) let us £x 
arbitrary xq such that y (to, 2^0) = Vo- Using (p 7^ 0 and a G Anc (T x X), from ([9]) we get 

A (to, Vo, v) = a {to, Xq, if (to, Xo)v + 'ip (to, Xq)) a (to, xq) 7^ const. 

Finally, we obtain A G Anc (T x Y), and B G Ohopg'^, so QV£'n is closed in QV£'. □ 

9. Suppose A G OhQ-pg'^^, B G Obg-p^^. Substituting = 0 in the third equation of (IT^ . 
we get 




\t,y) = a(t,x,u) 


( E + 2 ^ 5« (In .f). yl + ^ Uyl - B>‘jl 


(t,x). 


Since a G Anc(T x X), and left hand side is independent of u, it follows that both sides 
of this equality vanishes, and 

(13) 

The function y(t,x) satishes the ordinary differential equation flT^ with smooth right 
hand side, so for any t,t' an equality y(t,xi) = y(t,X 2 ) implies that y(t',xi) = y(t',X 2 )- 
Let 1-parameter transformation group Qs'-T xY T x Y he given by (t,y(t,x)) h-^ 
(t+s, y(t+s, x)). This group is correctly defined when T = M; otherwise transformations gs 
are partially dehned, nevertheless reasoning below remains correct after small refinement. 

For every s the composition gsQ-s is identity, so gs is bijective. is a flow map of 
the smooth vector held dt — transformations are smooth by both 

t and y. 

Dehne the map z(t,y) by the equality g-t(t,y) = (h,z(t,y)). Then the map G: T x 
Y ^ T X Y, (t,y) I—> (t,z(t,y)) is the isomorphism in QV£" such that for every x,t 
z(t, y(t, x)) = z(h, y(h, x)). Therefore G o F G Horngp^^/. □ 

10. Let A be an object of QV£". Consider the solution y: T x X ^ X oi the linear PDF 
dy^ /dt = /dx" (the solution exists in light of the compactness of X). The 

isomorphism (t,x,u) 1 —> (t,y(t,x),u) maps A to some object of QV£"o. Thus QV£"o^ is 
closed in QV£'/. □ 


Proof of Theorem [5] 

If a 7 ^ const, then QVSQ^{a) is fnlly plentifnl in QV£'^{a) thanks to the part 9 of Theorem 

il 

If a = const, then QVS'^{a) coincides with QVE", which is closed in QV£" by the 
Theorem m So QV£'^{a) is fnlly plentifnl in QV£". 

Snppose now that a ^ const, A G Obg-p^^ya), and F\ A ^ B is a morphism in QP£"■ 
Consider the eqnation Q as fnnctional one: 

a x)v + 'll) {t, x)) = A{t, y, v)a{t, x). (14) 

Let ns consider the following three cases. 

Case 1. a{u) = X,H = const, A 7 ^ 0. Snbstitnting the formnla for a to flTT)) . we 

get A(p(t, x)v — In A{t, y, v) = (\na — X'ljj — In H) . The right hand side of the eqnality is a 
fnnction of (t,x), so if = ip(t,y), and the isomorphism (t,y,v) h->• {t,y,(p{t,y)v) maps B 
to some object of QV£’l{a). 

Case 2 . a{u) = H [u — uq)^, X,H,uo = const, A 7 ^ 0 . Snbstitnting the formnla for a to 
([HD, we get 

{v + x) x) -uq)Y = A{t, y, x). 

Thns (-0 — Mo) = Q{i,y) for some fnnction q, and the object B maps by the isomor¬ 
phism (t, y, v) I—*• {t, y,v + q{t, y) + uq) to some object of QV£'l{a). 

Case 3. Snppose now that a{u) is neither nor H{u — Uq)^. Denote x = {t,x), 

'll = {t,y), a = Ina. Fix a point ?7o and take Z = {x: y{x) = y^} <Z T x X. Using 
dH, we obtain that Vxq, Xi & Z a {ipiz + ^i) — a (^ipoz + 'ipoj is independent of v, where 
ifi = if (xi), '4)i = ip (xi)). Consider additive snbgronp G = G (yo) of M generated by the 
set {ln<0 (x) — Inifi (xq) : x G Zj. 

Consider the following two snbcases. 

Case 3.1. G 7 ^ {0}. 

Pnt III = In 01 — In 00 ^ G ~ {0}, Mq = (00 ~ 0i) /(0i ~0o)- Snbstitnting v = 
(w + 'Uo — 0o) /‘fio, for any w we have a -f Mo^ — a {w + Uq) = c = const. Con¬ 
sider the fnnction (3{x) = a (e® -1- mo)- Using (3 = (3{x) -\- c, we obtain that the 

fnnction [3 (x) — Xx is iLi-periodic, where A = c/Hi. Then 

a{u) = (u — uq)^ H (In (u — uq)) , 

where H is Ffi-periodic, H 7 ^ const, becanse case “iL = const” was already considered. 
Let if > 0 be the smallest positive period of H. For all a; G Z the nnmber In 0 (x) — In 0o 

is a mnltiple of H, so for any yo we have 0 (x) G | 0 oexp : k G z|. Note that H is 

independent of |/o, becanse a{u) is independent of |/o. 

Case 3.2. G = {0}, that is 0 |^ = 0 o = const. Now we have the following two snbsnbcases: 
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Case 3.2.a. ^ const, that is 3xo)^i ^ V’(aii) — i’(xo) = Hi 0. Then 

a{u + Hi^ — a{u) = const. By the same token as in case 3.1 we get a{u) = 

where A = const, H is & periodic fnnction with the smallest period H > 0. Note that snch 
representation of a{u) is nniqne. Snbstitnting this to flTTll . we obtain that Wy Vxq, xi G Zg 
the nnmber xjj (aii) — V’ (a:o) is a mnltiple of H. 

Case 3.2.b. '4^\2; = const for given |/o. We already considered thes cases a{u) = H{u)e^^ 
and a{u) = {u — uq)^ H (In (n — uq)), so we can assnme withont loss of generality that a is 
not of this form. Then at every j/q we have '4’\^ = const, cp = cp (y), and -0 = -0 (^). Thns 
the isomorphism {t, y, v) — >• (t, y, ip{t, y)v + 0 (f, y)) maps B to some object of QVE'a {a). 

The proof of the fnll density of QVEq^^o) in QV£'^^ (a) is similar to the proof of part 
10 in Theorem m □ 


Proof of Theorem [6] 


1. QVS" is closed in QVS, and SQVS is the snbcategory of QVS. Therefore SQVS is 
closed in SQVS. □ 


2. SQVSn is closed in SQVS for the same reason as in Part 1 of this Theorem. This 
implies that SQVSn is closed in SQVS. 

Snppose A is an object of SQVSq, F: A B is a morphism in SQVS. Then 
B^(t,y,v) = A(t,y,v)uj^(t,x), where uj^ is dehned as in (ITUD . Hence uj^ is a fnnction of 
(t,y), and H is a object of SQVSq. 

Snppose A is an object of SQVSb, F: A ^ B is a morphism in SQVS. From the hrst 
eqnation of (IH]) we obtain that 




b^^yhj 

Y.^i^^^y}y] 


The right hand side is independent of t, so it is a fnnction of y, denote this fnnction by 
B'^\y). Then AB^^ = A'(t,y,v)B'^\y)^ where A' = AB^^. It follows that B is an object 
of SQVSb, and SQVSb is closed in SQVS. □ 


3. Let ns recall that SQVS^n is closed in QVSq^. So it snffices to prove that any morphism 
in QVSq^ is also a morphism in SQVSon- Snppose F: A —^ B is a morphism in QVSq^. 
Then y^ {t, x) = A{t, y, v)uj^{t, x), where 

+a (x; ^‘■’'4+2 x; (In ?), !/f+svf 

Since the left hand side of this eqnality is independent of v and A G AncQA), we conclnde 
that = 0. Thns F is a morphism in SQVSon- Finally, SQVSon = QSVS'ini is closed in 
QVSq and is fnlly dense in QVS'^. □ 

4. QVS I is closed in QVS, so SQVSi is closed in SQVS and, conseqnently, is closed in 

SQVEo. □ 

5. The proof is similar to the proof of part 1 of Theorem [5l □ 
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Proof of Theorem 0 

From (jHl)-® and the fact that SQVEh is closed in SQVS it follows that the map 
{t,x,u) H-^ {t,y,ipu + 'll:) is a morphism in SQVS with the source from AQVS if and 
only if the following conditions are satished: 


A{t,y,v) 

=a(x, u)a(t, x) 

B^\y) 

=a{t,x)Vy^W 

B^{t,y,v) 

=A{t, y, v)B^{t, y) + C^{t, y) = 


=a(x, u) (A/ + (77 + 2V (In ^)) V/) + iVy^ 

Qip 

= [a (A(p + rjVip) + - ipt) v+ 


+ (a [Aijj + 'q'Vijj) + ^'V'ip -ijJt) + q {t, X, (pv 


(15) 


1. Suppose F: A —> B is a morphism in AQVS, A is an object of AQVS. From the 

second equation of the system flTHl) it follows that a = a{x). Using the hrst equation of 
flT^ and taking into account the independence of ip, ip on t, we get the independence of 
A = A{y, v) on t. It follows from the third equation of ffT51) that is independent of 
t, and B^{y,v) = A{y,v)B^{t,y) + it,y). From this formula, by the same token as 
in proof of part 4 of Theorem 0] we obtain existing of functions such that 

B^ = A(?/,u)H^(|/) + Substituting u = ip{x)v + 'ip{x) in the last equation of (|T5ll . 

we obtain that Q is independent of t. This implies that target B of the morphism F is of 
the form 

vt = A{y,v) I^B^\y)vki + ^}l'^{y)vk\ +^E'^{y)vk + Qiy,v). 

\ k,l k J k 

We received this form of B only locally. Neverytheless we can lead it to the equation of the 
same form but with globally dehned function A{y,v), for example by the way described 
in Remark [ 6 l Then quadratic form B’^^ is dehned on the whole manifold U, so we can 
equip Y with Riemann metric and hnally get B G Obyig-pg. □ 

2 . AQVSn = AQVS fi SQVSn is closed in AQVS, because SQVSn is closed in SQVS. 

Let F ■. A —^ B be a morphism in SQVSbn, and both source and target of F are objects 

of AQVSn- Then a is independent of t, and 

a (x, ip{t, x)v + ip {t, x)) = A {y{x),v) a(x). (16) 

Let X = xq. Suppose that the set { (ip {t, xq) , 'ip {t, xq)) } have more than one element, and 

consider the intervals 


I (v) = {{ip (t, Xo)v + ip (t, Xq)) : t G Ta} C M. 

Then a (xq, u) is constant on any interval u E I (v), because the right hand side of (fTBD is 
independent of t. Note that I (v) is a continuous function of v in the Hausdorff metric, 
and Vt (pit,Xo) ^ 0. If at any v the interval I (v) does not collapses into a point, 
then a{xo,u) is constant on IJJ (u). But this contradicts to the condition a G Anc(W). 
Therefore / (uq) degenerate into the point at some vq: (p (t,xo) vo + ip (f, xq) = uo, and 
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i^v + %[) = (p {t, Xq) iy — Vq) + Mo- By the assumption, card { (<^ (t, Xq) , "0 (t, Xq)) } > 1, so 
the set {(p(t,Xo)} is nondegenerated interval. Therefore, a{xo,u) is constant on the sets 
{u < Mo} and {m > Mq}. But this contradicts to the condition a G Anc(X) and continuity 
of a. This contradiction shows that for each xq the functions "ip are independent of 
t. Consequently F is a morphism in AQVS, and AQVEn is the full subcategory of 
SQT^Sbn- n 

3. AQVSq and AQVSi are closed in AQVS, because SQVSq and SQVSi are closed in 

SQVS. □ 

4. If a ^ Aexp U wTdeg, then AQVSa{a) is plentiful in AQVS by the same arguments as 
used in the proof of part 1 of Theorem [5l after replacement of x, y to x,y respectively. □ 

5. Let F: A ^ B be a morphism in SQVSnaia), A be an object of AQVSna{a)- Then 

a ippit, x)v + '0(f, x)) = A{y)a[x). 

As we proved in part 2, ip, -0 are independent of f, F is a morphism in AQVS, and 
B e OhAQve'S^Q^SQVEr.aia) = Ob^QP£„a(a)- Since AQVSna{a) is full in AQVSn, we see 
that F is a morphism in AQVSna{o). □ 

Proof of Theorem [8] 


1. SVS is closed in SVS, because AQVS is closed in AQVS. □ 

2. SVSn, SVSq, SVS I are closed in SVS, because AQVSn, AQVSq, AQVSi are closed 

in AQVS. □ 

Suppose F: A ^ B is a morphism in SVS, and A G Ohs'ps^^a)- Then the hrst 
equation of (IHD is of the form A{y,u)B^\y) = a{u)Vy^VyK Hence Vy^Vy^ = g^\y) 
for some functions For = g^\y) we get A{y,u) = a{u). So A is the object of 

SVSa{a), and SVSa{a) is closed in SVS. □ 

3. The proof is similar to the proof of Theorem HI □ 
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